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[1] Skillful and reliable forecasts of seasonal streamflows are highly valuable to water
management. In a previous study, we developed a Bayesian joint probability (BJP) modeling
approach for seasonal forecasting of streamflows at multiple sites. The approach has been
adopted by the Australian Bureau of Meteorology for seasonal streamflow forecasting in
Australia. This study extends the applicability of the BJP modeling approach to streams with
zero flow occurrences. The aim is to produce forecasts for these streams in the form of
probabilities of zero seasonal flows and probability distributions of above zero seasonal
flows. We turn a difficult mathematical problem of mixed discrete-continuous multivariate
probability distribution modeling into one of continuous multivariate probability distribution
modeling by treating zero flow occurrences as censored data. This paper presents the
mathematical formulation and implementation of the modeling approach, methods for
forecast verification, and results of a test application to the Burdekin river catchment in

northern Queensland, Australia.
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1. Introduction

[2] Forecasts of future seasonal streamflows are poten-
tially valuable to a range of water managers and users,
including irrigators, urban and rural water supply author-
ities, environmental managers, and hydroelectricity genera-
tors. Such forecasts can inform planning and management
decisions to maximize returns on investments and available
water resources and to ensure security of supply [e.g.,
Chiew et al., 2003; Plummer et al., 2009]. For many river
and storage systems, a joint forecast of streamflows at mul-
tiple sites that accounts for intersite correlations is needed
for managing water resources at a system scale. Regonda
et al. [2006], Westra et al. [2007], and Bracken et al. [2010]
provide some of the methods for joint forecasting of stream-
flows at multiple sites.

[3] In a previous paper, we developed a Bayesian joint
probability (BJP) modeling approach for seasonal forecast-
ing of streamflows at multiple sites [Wang et al., 2009].
Specifically, the BJP approach provides probabilistic fore-
casts of streamflow volume totals over a forecast period, say
the next 3 months, at multiple sites in the form of ensem-
bles. The approach uses a Yeo-Johnson transformed multi-
variate normal distribution to model the joint distribution of
future streamflows and their predictors such as antecedent
streamflows, El Niflo—Southern Oscillation indices and
other climate indicators. The model parameters and their
uncertainties are inferred from historical data using a Bayes-
ian method. The parameters are then used for producing
joint probabilistic forecasts of streamflows at multiple sites
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for future events. The BJP modeling approach is completed
with a method for selecting predictors from a large number
of candidate predictors based on pseudo Bayes factors cal-
culated from cross-validation predictive densities (D.E.
Robertson and Q. J. Wang, A Bayesian approach to predic-
tor selection for seasonal streamflow forecasting, submitted
to Journal of Hydrometeorology, 2010), and with a suite of
methods and tools for verification of probabilistic forecasts
[Wang et al., 2009].

[4] The BJP modeling approach has been adopted by the
Australian Bureau of Meteorology for seasonal streamflow
forecasting in Australia [Plummer et al., 2009]. One of the
limitations of the BJP modeling approach as presented by
Wang et al. [2009] is that it does not deal with zero flows,
which occur on many streams in Australia (and in arid and
semiarid regions elsewhere in the world). Zero flows may
occur in dry seasons occasionally on perennial streams and
frequently on intermittent streams. Zero flows can be the
dominant state of many ephemeral streams. This study
extends the BJP modeling approach so that it is applicable
to seasonal flow forecasting for streams with zero value
occurrences. The aim is to produce forecasts that give prob-
abilities of zero flows and probability distributions of above
zero flows.

[s] Antecedent streamflows are often useful for repre-
senting the initial catchment conditions and thus for serv-
ing as predictors of future streamflows. Zero values may
occur with either antecedent streamflows or future stream-
flows. In a multisite problem, zero flows may occur in any
of the streams being considered. Thus, in the BJP modeling
setting, zero flows may occur in any combination of predic-
tors and predictands and of sites. Mathematically, this leads
to a mixed discrete-continuous multivariate probability dis-
tribution, which is extremely difficult to formulate and
manipulate.

1 of 19



W02546

[6] Methods for stochastic generation and for downscal-
ing of daily rainfall at multiple sites provide useful reference
for modeling mixed discrete-continuous multivariate proba-
bility distributions. The most commonly used approach is to
model rainfall occurrence and amounts separately [e.g.,
Wilks, 1998 ; Charles et al., 1999; Srikanthan and Pegram,
2009]. Bardossy and Plate [1992] introduced an approach
that directly transforms the discrete-continuous multivariate
probability distributions to a continuous multivariate normal
distribution. The transformation includes an allocation of
the cumulative probabilities in the negative space of the
transformed variables to the zero value points of the original
rainfall variables. The approach does not require modeling
rainfall occurrence and amounts separately and thus signifi-
cantly simplifies the problem. A similar approach was used
by Frost et al. [2007] in a context of stochastic generation
of annual multisite hydrological data using a multivariate
autoregressive lag-1 model. The approach uses a continuous
multivariate distribution as the underlying distribution and
then lumps the probability mass in the subspace below the
zero thresholds of the variables to the zero value point of
the variables. The lumping is done through a numerical
integration.

[7] In this study we adopt essentially the same approach
as Bardossy and Plate [1992] and Frost et al. [2007] as it is
well suited to the extension of our original BJP modeling
approach. However, we cast the problem to one of censored
data. We treat the zero flows as censored data having
unknown precise values but known to be below or equal to
zero. In this way, the variables both before and after the
Yeo-Johnson transform (see section 2) are considered to fol-
low continuous multivariate distributions. The treatment
allows us to greatly simplify the mathematical expressions
required, and importantly, to deal with zero predictor values
as well as zero predictand values. In the work of Frost et al.
[2007], the zero threshold problem was considered only for
variables at the current time step (equivalent to predictands),
not for the variables at the lag-1 time step (equivalent to pre-
dictors) on which the variables at the current time step are
conditioned.

[8] This paper presents the extended BJP modeling
approach applicable to streams with zero value occurrences
and demonstrates its use through a test application. In addi-
tion, improvements made to a number of detailed techniques
in the work of Wang et al. [2009], including reparameteriza-
tion, prior specification, and Markov chain Monte Carlo
(MCMC) sampling, are also presented. A new skill score
based on the root mean square error in probability (RMSEP)
is introduced as an alternative to the linear error in probabil-
ity space (LEPS). The paper is organized as follows. Model
formulation is given in the next section. Model parameter
inference in section 3 includes reparameterization, deriva-
tion of posterior distribution of parameters, specification of
prior distribution of parameters, and MCMC sampling of
the posterior distribution of parameters. Section 4 details the
method for using the model to produce probabilistic fore-
casting, including the augmentation of censored predictor
data. Section 5 includes a number of statistical measures
and graphical methods for both overall and detailed verifica-
tions. Section 6 deals with model checking. A test applica-
tion to forecasting streamflows at three river gauges in
the Burdekin River catchment in northern Queensland,
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Australia, is given in section 7 to demonstrate the working
of the extended BJP modeling approach. Section 8 com-
pletes the paper with a summary and conclusions. The paper
also has three appendices to provide additional technical
details.

2. Model Formulation

[o] Consider d variables that consist of both seasonal
streamflows to be forecast at multiple sites and their predic-
tors such as climate and catchment indicators

Y= » o vl (1)

where y is a column vector and y" is its transpose.

[10] As stated in section 1, streamflows may appear in y
as predictors as well as predictands. Streamflows can some-
times have zero values, and this can lead to a mixed dis-
crete-continuous joint probability distribution for y with
various possible combinations of zero and nonzero values
in terms of predictor and predictand streamflows and in
terms of streamflows at different sites.

[11] Mathematically, multivariate mixed discrete-contin-
uous distributions are extremely difficult to formulate and
manipulate. We turn this problem into one of multivariate
continuous distributions by treating the occurrences of zero
flows as censored data. When an observed flow y; is 0, we
assign y; < 0. In other words, we hypothetically allow the
flow to be negative (and thus continuous), but its precise
value is unknown. For future events, on the other hand,
flows that are forecast to be negative are converted back to
zero flows. This treatment allows the use of a continuous
multivariate distribution for y and thus significantly simpli-
fies the original problem.

[12] The vector y of predictor and predictand variables is
normalized to z by applying the Yeo-Johnson transform, an
extended form of the Box-Cox transform [Yeo and John-
son, 2000],

Z; = YJ(y,‘., )\,) 5 (2)

where i = 1, 2, ..., d and X is the Yeo-Johnson transform
coefficient. The vector z is assumed to follow a multivari-
ate normal distribution

z~N(u,6Re"), (3)

where u, o, and R are the mean vector, the standard devia-
tion vector, and correlation coefficient matrix, respectively.
Assuming a steady relationship among the variables, the
model has a total of 3d + (d — 1)d/2 unknown parameters.
For more details on the model formulation, readers are
referred to Wang et al. [2009].

3. Model Parameter Inference
3.1. Reparameterization

[13] Before setting out for statistical inference of the
unknown parameters, a number of parameters are repara-
meterized to ease the MCMC sampling [ Thyer et al., 2002;
Gelman et al., 2004]. Parameters p and ¢ are reparameter-
ized to m and s by [Wang et al., 2009]
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Hi = YJ(W!,‘, )\,) y (4)
A—1
; il >
o — (m; +1) 1:1, (m; >0) 7 5)
(77}’1[ + 1) lSl’ (m,- < 0)
where i = 1, 2, ..., d, m is an approximation of the mean

of a nontransformed variable y, and s is an approximation
of the standard deviation of y [Yeo and Johnson, 2000]. In
the work of Wang et al. [2009], the final parameters used
were m and s°. In this study s° is further parameterized to
2log s. The parameter 2log s is found to be less nonlinearly
related to m than 52, leading to more efficient MCMC sam-
pling of the posterior distribution of the parameters using a
multivariate normal proposal distribution (see section 3.4).
The correlation coefficient matrix R is reparameterized to
® through an inverse hyperbolic tangent transform or
Fisher Z-transform [Wang et al., 2009].

3.2. Posterior Distribution of Parameters

[14] The 3d + (d — 1)d/2 unknown model parameters,
denoted hereafter as 0, need to be inferred before the model
can be used for forecasting. According to the Bayes theo-
rem, given historically observed events y’ for year t =
1,2,..., n, the posterior distribution of the model parame-
ters is

pOly" .y .y xp(@p(y", ¥y . y'0)
=p0) [, r(v'10),

where p(0) is a prior distribution representing any informa-
tion available about the parameters before the use of the his-
torical data, p(y",y" !, ..., y'|0) is the likelihood function
defining the probability of observing the historical events
y,t=1,2,..., n, given the model and its parameter set.

[15] The formulation for the likelihood function p(y’|@)
for event ¢ with complete data is straightforward and given
by Wang et al. [2009]. The formulation for the likelihood
function p(y'|@) for an event with censored data is more
complicated and requires a few steps. We drop the super-
script ¢ in the rest of this subsection for simplicity. We also
allow general censoring thresholds y, rather than just zero
for wider applications.

[16] First, we rearrange the y vector into two subvectors

=[] g

where y(a) consists of variables whose values are above
their respective censor thresholds y.(a) and precisely
known, and y(b) consists of variables whose values are
only known to be equal to or below their respective censor
thresholds y.(b). Accordingly, the variable vector after the
Yeo-Johnson transform is organized as

=[] ®

(6)

[17] The likelihood function p(y|@) is then given by

=
=

p(yl0) = p(y(a), y(b) < y.(b)

WANG AND ROBERTSON: MULTISITE PROBABILISTIC FORECASTING OF STREAMS

W02546

where
PY(@)0) = Jyta—yp(2(@)|0) = [, (dzi/dyi)p(z(a)|6) (10)

p(y(b) < ye(b)ly(a),0) = p(z(b) < ze(b)|z(a),0)

2e(b) (11)
- / p(z(b)\z(a), 0)dz(b).

o0

[18] In equation (10), Jy(4)—y(a) is the Jacobian determi-
nant of the transform from z(a) to y(a), d, is the dimension
of y(a), and the derivative dz;/dy; can be found in the work
of Wang et al. [2009]. In equation (11), the thresholds z.(b)
correspond to the Yeo-Johnson transformed values of y.(b).
The conditional probability distribution p(z(b)|z(a),0) is
multivariate normal, and its mean vector and covariance
matrix can be found by applying equations (A4) and (AS5)
in Appendix A. The integration of the multivariate normal
distribution requires numerical solution. The RANNRM
[Genz, 1993] algorithm is used in this study.

3.3. Prior Distribution of Parameters

[19] The prior distribution for the various parameters in
the model is specified as

p(0) =TT, p(V)p(mi, 2logs)p(®). (12)

[20] A uniform prior with a range of [—0.5, 1.2] is used
for each A\. A more elaborate derivation of prior for each
pair of (m, 2log s) is made to deal with the effect of the
Yeo-Johnson transform and reparameterization, giving

p(m7 210gS) = Ju.oz—>m.s2*]sz—>210gsp(:u'7 02) ) (13)

where J,, >, o is the Jacobian determinant of the trans-
form from (p, %) to (m, s*) and can be found in the work
of Wang et al. [2009]; J 2104 1s the Jacobian determinant
of the transform from s* to 2log s,

JSZHZIOg‘S‘ = d(sz)/d(2 lOgS) = 52; (14)

and p(u, 0?) takes on the simplest form of priors commonly
used for normal distribution mean and variance [Gelman
etal., 2004, p. 74],

plp,0%) < 1/0°. (15)

[21] The simple prior for p(u,0?) as in equation (15)
replaces the normal-inverse-chi-square prior previously
used in the work of Wang et al. [2009, equations (23) and
(24)]. The simple prior is parameter free. In contrast, the
normal-inverse-chi-square prior consists of a number of
parameters, which are difficult to empirically specify from
samples with censored data. The prior for the reparameter-
ized correlation coefficient matrix @ is as specified in the
work of Wang et al. [2009].

3.4. Sampling of Parameters

[22] The technique of Metropolis MCMC sampling is
used to draw a sample, say 1000 sets, of parameter values
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that numerically represent the joint posterior distribution of
the parameters. In this subsection, we describe the changes
made to the Metropolis MCMC sampling procedure used
in our previous study [Wang et al., 2009].

[23] The Metropolis MCMC sampling requires initial pa-
rameter values to start off sampling. In our previous study,
we used moment estimates of 7 and s* and 0.2 for \ as ini-
tial values for the MCMC sampling. However, when data
are censored, moment estimates of m and 2 log s are not
readily available. In this study, single series maximum like-
lihood values of m, 2log s, and A are used as initial values
for the MCMC sampling. In our previous study, we used
the nearest correlation matrix that is positive semidefinite
as the initial correlation matrix for the MCMC sampling.
Our experience since then is that the nearest correlation
matrix method generally works well but very occasionally
strays into a parameter space (with one or more correlation
coefficients close to 1) that is difficult for the MCMC sam-
pling to jump out from. Although the shrinkage method
[Deviin et al., 1975; Jobson, 1992, p. 156] is an attractive
alternative, we simply opt to use a unit matrix as the initial
correlation matrix, which in our experience, is highly ro-
bust and results in little loss in computational efficiency.

[24] The Metropolis MCMC sampling also requires a
proposal distribution for generating random jumps in the pa-
rameter space [Gelman et al., 2004]. As in our previous
study, a multivariate normal distribution is adopted as the
initial proposal distribution. However, the posterior parame-
ter distribution for problems with zero flows is typically
more difficult to sample from, and therefore, greater care is
needed in constructing the initial proposal distribution co-
variance matrix. In this study, the initial matrix is made of
two parts of nonzero entries. The first part is the within
series variances and covariances of m, 2log s, and )\, esti-
mated from a sample of 30,000 sets of parameters numeri-
cally representing the posterior parameter distribution of the
single series Yeo-Johnson transformed normal distribution.
This sample of parameters is obtained by undertaking a
short MCMC sampling initialized using the maximum likeli-
hood parameters as the initial values and a crude diagonal
covariance matrix estimate. The second part is the variances
of the reparameterized correlation coefficients in @, esti-
mated as 1/(n — 3) from a stabilized variance approximation
[Fisher, 1921; Zhu and Hero, 2007]. The proposal distribu-
tion covariance matrix is subsequently updated three times.
Each update involves sampling 30,000 sets of parameters
using MCMC sampling. The posterior covariance matrix of
the sampled parameters is calculated and scaled using the
method of Gelman et al. [2004] to achieve an acceptance
rate close to the optimal value of 0.23.

4. Model Use for Probabilistic Forecasting
[25] Now separate the y vector into two subvectors

-]

where y(1) consists of predictor variables and y(2) consists
of the predictand variables. Given what is known about y(1),
a probabilistic forecast of y(2) is to be made. Wang et al.
[2009] described a procedure for generating probabilistic
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forecasts in the form of ensembles. The procedure is appli-
cable to cases when all the predictor values y(1) are pre-
cisely known. In this section, we extend the procedure to
cases where some of the predictor values are only known to
be equal to or below the censor thresholds.

[26] Corresponding to equation (16), the variable vector
after the Yeo-Johnson transform is expressed in two sub-
vectors

2= 2o (17)

(18)

where z(la) consists of predictors whose values are pre-
cisely known, and z(1b) consists of predictors whose values
are only known to be equal to or below the censor
thresholds.

[28] To generate a set of forecast values for y(2), we first
augment the predictor data by generating a random set of
z(1b) that follows p(z(1b)|z(1a)) but within the subspace
of z(1b) < z.(1b) using the Gibbs sampler [Gelman et al.,
2004, pp. 287-288]. The conditional probability distribu-
tion p(z(1b)|z(1a)) is multivariate normal and can be found
by applying equations (A4) and (A5) in Appendix A. A
description of the Gibbs sampler as implemented for this
application is given in Appendix B.

[29] The generated z(1b) is then treated as known and to-
gether with z(1a), which is already known, gives z(1) to
generate a set of forecast values for z(2) using the condi-
tional probability distribution p(z(2)|z(1), #). An inverse of
the Yeo-Johnson transform is then applied to give a set of
forecast values for y(2). Any negative flow forecast values
are converted back to zero flows.

[30] The procedure is repeated for all the parameter sets
in the representative parameter sample previously obtained
through MCMC sampling as described in section 3.4. This
means that different sets of randomly sampled values of
z(1b) are used with different parameter sets. The total col-
lection of all the forecast values provides a numerical rep-
resentation of the probabilistic forecast of the streamflows.

[31] Special care needs to be taken when forecasting
events with predictor values well beyond the range of the
historical data, on which the model was established. This is
especially true with initial catchment condition predictors
such as antecedent streamflows and rainfall. Antecedent
streamflows may not be good predictors of future stream-
flows when they are beyond certain high values. Anteced-
ent streamflows are used to indicate catchment wetness,
which is what gives rise to some of the predictability of
future streamflows. In a wet period, however, streamflows
may continue to increase even long after the catchment has
become fully wet. The use of antecedent streamflows may
in such cases lead to forecasts of future streamflows that
are too high. The same problem also applies to using ante-
cedent rainfall as a predictor.

[32] We take a pragmatic approach to dealing with this
problem. For a forecast event, if the antecedent streamflow
exceeds the highest historically observed value, y, that has
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been used for model inference at a particular site, the ante-
cedent streamflow is first adjusted to y for that site and
then used to produce a forecast. The same approach also
applies to antecedent rainfall if used as a predictor. In
future work, we will investigate the use of water balance
modeling to better represent both wet and dry initial catch-
ment conditions. It should be noted that for the test applica-
tion presented in section 7, this pragmatic approach makes
little difference to the results, but in some of our other
applications it leads to lower and more reasonable forecast
distribution tails for a few large forecast events.

5. Forecast Verifications

[33] The quality of forecasts is assessed using a leave-
one-out cross-validation procedure in this study. The cross-
validation procedure is implemented by sampling the
posterior distribution of the parameters using a likelihood
function based on all available data except one event. The
streamflows for the left-out event are then forecast and
compared with the observed data. This cross-validation
procedure produces, for each forecast variable y, a series of
forecast cumulative probability distributions y* ~ F'()") for
events ¢t = 1,2,..., n. Paired with these forecasts are the
observed values y5gq. There are many facets to the verifica-
tion of probabilistic forecasts of a continuous variable [e.g.,
Gneiting et al., 2007 ; Laio and Tamea, 2007]. In this study,
a number of statistical measures and graphical methods are
used for both overall and detailed verifications.

5.1. Overall Verifications

[34] Skill scores are used to provide some overall meas-
ures of forecast performance. Skill scores are defined as
percentage reductions in error scores (ES) of forecasts
being assessed from reference forecasts

ESrgr—ES
SS=—7r—-——. 19
ESREF ( )

[35] The reference forecasts may be naive forecasts based
on observed historical (climatology) mean, median, or dis-
tribution, or forecasts based on established models that set
the benchmarks for assessing other models. Perfect forecasts
will have a score of 1. The error scores may be defined in a
number of ways such as the mean square error (MSE),
RMSEP introduced in Appendix C, and continuous ranked
probability score (CRPS). For probabilistic forecasts, skill
assessments may focus on just the forecast means or
medians, or be on the full probability density distributions
(pdf). The skill scores for the forecast means and medians
are useful for comparison with deterministic forecasts and
with probabilistic forecasts that may not be reliable in their
probability distributions. The following six skill scores are
used in this study.

[36] 1. SSpse (mean): Skill score for forecast means
based on mean square error using observed historical (cli-
matology) mean as reference forecasts. It is commonly
known in hydrology as the Nash-Sutcliffe efficiency [Nash
and Sutcliffe, 1970]. Note that this skill score is used only
for the forecast means. It is not used for assessing the full
probability distributions of the forecasts, because the mean
expected square error will be very sensitive to the tails of
the distributions. Even for the forecast means, SSygg can
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be oversensitive to just a few (usually very high flow)
events with large forecast errors.

[37] 2. SSysk (median): Skill score for forecast medians
based on mean square error using observed historical (cli-
matology) median as reference forecasts. Forecast medians
are often of great interest to forecasters and forecast users
and therefore assessed in addition to the forecast means.

[38] 3. SSrwmsep (median): Skill score for forecast medians
based on RMSEP using observed historical (climatology)
median as reference forecasts. SSgyvsep 1S @ new skill score
introduced in this paper. Its rationale and formulation can
be found in Appendix C. The main advantage of this skill
score is that all forecast events are given a similar opportu-
nity to contribute to the overall assessment of the forecast
skill.

[39] 4. SSrmsep (mean): Skill score for forecast means
based on RMSEP using observed historical (climatology)
mean as reference forecasts.

[40] 5. SSgrmsep (pdf): Skill score for probabilistic fore-
casts based on RMSEP using observed historical (climatol-
ogy) distribution as reference forecasts.

[41] 6. SScrps: Skill score for probabilistic forecasts
based on CRPS [Wang et al., 2009]. Like SSys, this skill
score can also be oversensitive to just a few (usually very
high flow) events with large forecast errors.

[42] Although we recommend the use of SSgysgp (me-
dian), SSyise (median), and SScrps as the primary skill
score measures, results for all of the six skill scores are pre-
sented in the test application in section 7.

[43] We also assess the overall reliability of the forecast
probability distributions by using the PIT (probability inte-
gral transform) uniform probability plot [Wang et al.,
2009]. Given a forecast in the form of nonexceedance prob-
ability distribution ) ~ F'(y'), the PIT of the observed
value yj g is given by

7 = F' (o). (20)

[44] For a reliable forecast, 7 should be uniformly dis-
tributed. The uniformity can be checked by pooling to-
gether 7’ values for all the forecast events r = 1,2, ..., n
and displaying ranked 7' values in a uniform probability
plot [Wang et al., 2009]. Figure 1 shows how the PIT uni-
form probability plot (also termed predictive QQ plot by
Thyer et al. [2009]) may be used for indicating whether the
forecast probability distributions are predicting too high or
too low or too wide or narrow [Laio and Tamea, 2007,
Thyer et al., 2009].

[45] The use of PIT uniform probability plot becomes
problematic when the observed value is not precisely
known and is only known to be equal to or below a certain
threshold y{pg < . The precise value for 7' cannot be
found from equation (20). We overcome this problem by
randomly generating a pseudo 7’ value from a uniform dis-
tribution with a range [0, F'(y.)] and subsequently using it
with other real and pseudo 7' values to construct the PIT
uniform probability plot (Figure 3).

[46] In addition to the use of PIT uniform probability
plots to assess the overall reliability of forecast probability
distributions, we also use reliability diagrams to specifi-
cally assess the reliability of forecast probability of a zero
flow event, of an event smaller than 25%, 50%, or 75% of
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Figure 1. Possible outcomes on a PIT uniform probabil-
ity plot [after Laio and Tamea, 2007].

at-site historical flows. A reliability diagram plots the
observed frequency against the forecast probability and
shows how well the predicted probability of an event corre-
sponds to their observed frequency [Wilks, 1995].

5.2. Detailed Verifications

[47] For detailed verifications, we use a number of plots
to examine the robustness of forecasts over time and event
size [Wang et al., 2009]. Forecast quantiles are plotted for
individual events both chronologically and according to the
forecast median and compared with observed values
(Figures 5 and 6). Similarly, the PIT values for individual
events are plotted both chronologically and according to
the forecast median and compared with observed values
(Figures 7 and 8). The four plots are visually examined for
patterns and trends to identify if there are systematic errors
in the forecasts.

6. Model Checking

[48] Forecast verification deals with model performance
in a predictive mode. Model checking deals with the appro-
priateness of the model in a fitting mode. Model checking

i
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is particularly important here because of the additional
complications involved in dealing with zero flows. The
assumed Yeo-Johnson transformed multivariate normal
probability model is checked for consistency with observa-
tions in terms of (1) the marginal distributions of individual
predictor and predictand variables, (2) the marginal distri-
butions of the principal components of the predictor and
predictand variables, and (3) the marginal distribution of
the sum of the predictand streamflows over multiple sites.
The first check is to show how well the probability
model describes the individual variables. The second and
third checks are to show how well the probability model
describes the variables jointly in different directions (as
represented by the principal components and by the sum) in
the multiple variable spaces. In addition, modeled cross-
correlation coefficients of all predictor and predictand vari-
ables are compared with values directly calculated from
observed data. This provides another check on how well
the probability model describes the relationships among the
variables. Detailed methods of model checking can be
found in the work of Wang et al. [2009]. Because many of
the variables are highly skewed, some of which contain a
large number of zero values, and the relationships among
the variables tend to be highly nonlinear, the Kendall’s tau-b
rank correlation coefficient is more appropriately used in
this study instead of the more commonly used Pearson’s
correlation coefficient.

7. Application
7.1. Data

[499] To demonstrate the extended BJP modeling
approach, it was applied to joint forecasting of streamflows
at three gauging stations in the Burdekin River catchment
in northeast Australia and catchment average rainfall (Fig-
ure 2). The three gauging stations measure the majority of
the inflows into the Burdekin Falls Dam, the primary water
storage in the Burdekin catchment. The Burdekin River
catchment has a maximum allowable annual water use of
1975 GL, the majority of which is used by agricultural
industries for irrigation [Department of Environment and
Resource Management, 2009; Beare et al., 2003]. Farm
revenue from irrigated agricultural production, primarily of
sugar cane and horticultural crops, exceeded $450 million

-19°

-20°
-

)

—21°
1

AN 1200303A
Al b

1o -~
oG

145° 146° 147° 148°

-22°

Figure 2. Locations of streamflow gauging stations.
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in 2000 [Beare et al., 2003]. Annual irrigation water alloca-
tions vary according to water resource availability. Progres-
sive announcements are made throughout a season with
allocations increasing according to the availability of water
in storage. Irrigators wanting to plan their cropping strat-
egies early in an irrigation season need reliable forecasts of
likely irrigation allocations, which depend on reliable fore-
casts of storage inflows.

[s0] The three gauging stations and their associated
catchment areas and mean annual runoff as well as rainfall
are given in Table 1. The location of the gauges is shown in
Figure 2. A list of the predictors and predictands used are in
Table 2. Streamflows and rainfall from June to August were
forecast from predictors describing the initial catchment
condition and oncoming climate. The total streamflows for
April and May at the three sites were used to represent the
initial catchment conditions, while the NINO4 index for
May was used to represent the oncoming climate condition.
NINO34 is the sea surface temperature anomaly over
150°W—160°E and 5°S—5°N. As the purpose of this appli-
cation was to demonstrate the BJP modeling approach, other
potentially useful predictors were not investigated here but
are being followed up in a further study (Robertson and
Wang, submitted manuscript, 2010).

[51] In the final joint probability model, the forecast rain-
fall variable is decoupled from the predictors representing
initial catchment conditions by setting the correlations
between them to zero. Thus, rainfall is forecast only from
the NINO4 predictor, which represents the oncoming cli-
mate condition, but correlation between concurrent forecast
rainfall and forecast streamflows are maintained. The provi-
sion of rainfall forecasts is a useful addition to streamflow
forecasts, but in our experience the inclusion of rainfall as a
copredictand also helps stabilize streamflow forecasts, espe-
cially in the upper tails of probability distributions of large
streamflow forecast events. The most likely reason for this
stabilization effect is that any extrapolated streamflow fore-
casts need to maintain a reasonable relationship with rain-
fall, which keeps streamflow forecasts in check.

[52] The data used covers a period of 42 years from 1967
to 2008 with some data missing (Table 2). In total there are
39 years (events) with complete records in which none of
the predictors and predictands have data missing. Zero val-
ues of observed streamflows were treated as censored data.
Two of the streamflow gauging stations had zero flows
with approximately 20% of events for the predictors and
40—55% of events for the predictands. The rainfall data did
not have zero values, and the NINO4 Index did not need
censoring. Table 2 also shows the mean, median, mini-
mum, and maximum values of data for each of the predic-
tor and predictand variables. It is clear that the flow data
are extremely skewed and require strong transformation to
be normalized.

Table 1. Streamflow Gauging Stations and Associated Catchments
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[53] Cross-validation was carried out by leaving out one
of the events that have complete records of all the predic-
tors and predictands. A sample of 1000 sets of parameter
values were generated by MCMC sampling. A probabilistic
forecast of the streamflows for June to August at the three
gauging stations and June to August catchment rainfall was
then made for the left-out event. The forecast was numeri-
cally represented by a sample of 1000 sets of values, one
generated from each of the 1000 sets of parameter values.
This procedure was repeated for all historical events with
complete records.

7.2. Forecast Verification Results

7.2.1. MSE, RMSEP, and CRPS SKkill Scores

[54] The skill scores for the forecast of June to August
streamflows at the three gauges and catchment rainfall are
given in Table 3. It shows that the streamflow forecasts are
greater than 10% in all the skill scores. Forecasts for gauge
120002C are higher in most of the skill scores, reflecting
the fact that it is generally easier to forecast for streams
that have longer memory and fewer or no zero flow events.
The RMSEP skills are higher than the MSE skill scores for
gauges 120002C and 120302B because the forecasts are
better in predicting the general direction of low or high
flows than the exact flows, particularly for the 1990 high
flow event (see Figure 5). The reverse is true for gauge
120303A, for which at least a few of the high flow fore-
casts, including for the 1990 event, are closer to the
observed flows. In all cases, the MSE skill score for the
forecast median is higher than for the forecast mean. This
is because the forecast mean is sensitive to the forecast dis-
tribution, in particular the high flow tail which is the most
difficult to get right.

[s5] The skill scores for rainfall forecasts are mostly
below 10%, demonstrating the challenge in achieving skill-
ful seasonal rainfall forecasts [Drosdowsky and Chambers,
2001; Fawcett, 2008; Fawcett et al., 2005]. The higher
skill in streamflow forecasts than rainfall forecasts results
from the use of information on initial catchment conditions
(represented by antecedent streamflows here).

7.2.2. Pit Uniform Probability Plots

[s6] The PIT uniform probability plots for the forecast of
June to August streamflows at the three gauges and catch-
ment rainfall are given in Figure 3. The PIT values are in
general close to the diagonal line. Small departures from
the diagonal line are observed, but they are well within the
Kolmogorov 5% significance band [Laio and Tamea,
2007], suggesting that the departures are within acceptable
sample variability. Therefore, our interpretation of the
results is that the PIT values are distributed quite uniformly
and the forecast probability distributions are overall reli-
able in that they are not predicting too high or too low or
too wide or too narrow. In other words, the forecast

Gauge Number Station Name

Catchment Area Mean Annual Runoff or Rainfall

120002C Burdekin River at Selheim
120303A Suttor River at St. Anns
120302B Cape River at Taemas
Rainfall Areal average

36,260 km? 117 mm (4125 GL)
50,291 km? 28 mm (1408 GL)
16,074 km? 38 mm (611 GL)
102,625 km? 603 mm
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Table 3. June to August Streamflow and Rainfall Forecast Skill
Scores”
= = € E o E
L.g <F - g g é g Gauge 120002C 120303A 120302B Rainfall Sum of flows
= 0 a2
& E 85+3 SSwise (mean) 15 2 13 11 27
SSumsk (median) 30 30 16 17 36
SSrusep (median) 38 19 29 9 24
—_~— SSrMmsEp (mean) 47 16 31 8 40
n® 3339 SSraiser (pdf) 36 11 19 6 27
:9< _o22of SScrps 19 11 10 5 22
224N EggET " :
Qg g EE g Scores are in percentages.
= ne
- ISESES 2
£ . o .
£ probability distributions are overall unbiased and of
'?; N = appropriate spread.
A w DR=0 7.2.3. Reliability Diagrams
< 3 (R0 o . P .
gZ2< 892y [57] Forecast reliability diagrams of a zero flow event,
=S M= g E = of an event smaller than 25%, 50%, or 75% of at-site his-
-2 E ) § torical flows are presented in Figure 4. In producing these
SSa diagrams, forecasts for the three sites are pooled to
increase the sample size and the range of forecast proba-
~O bility is divided into four bins (see inserts). The [0.05,
O P 33 29 0.95] uncertainty interval of the observed relative fre-
5 Q< £33 quency is calculated through bootstrap resampling of the
oS leno T g ~ .. h
=8 é g g g forecasts and observed flows jointly at the three sites. For
= T <o the majority of forecast probability ranges, the uncertainty
a-T= interval of the observed relative frequency intersects the
theoretical 1:1 line, indicating that the observed relative
_ 5 frequency is not significantly different from the forecast
o 5 282 probability. Forecasts are therefore considered reliable
> QS Sacek with respect to all of the four forecast thresholds.
2 SLT > g g E £ 7.2.4. Forecast Quantile and Observed Value
- < E -3 ﬁ Comparison Plots
NS S [s8] Figures 5 and 6 provide a comparison of the fore-
cast median and quantile ranges with an observed value
= = for individual events. The events are displayed chrono-
. 3230 logically in Figure 5 and according to the forecast me-
. 5 = 2. 2 = dian in Figure 6. Figure 5 highlights the ability of the
28— TEE % method to jointly handle concurrent forecasts of zero and
-z £E E g nonzero flows. The forecast medians (and 0.75 quantiles)
s S 05 at site 120302B are equal to zero for the majority of
% events. For several of these events, concurrent nonzero
& | s forecasts are made at the other gauges. From Figure 5,
O00<3| 2 there does not appear to be any obvious trend with time
[CRGN 2 . . .
9 Z ©vo0%| & in the relationship between the forecasts and observed
S 2‘ Mo BTS2 | 2 values. For example, the forecasts are not biased in any
585 EEEE|z icular directi i
particular direction over time.
=<2 EEEE| S . . -
2830 % [59] The forecast medians and quantiles shown in Fig-
[~ N .
T g ure 6 are before the negative values were converted back
2 to 0. This allows the many events with final forecast
s, 2 ° medians equal to 0 to be separated on the horizontal axis.
= = 8 o0 2 From Figure 6, the forecast medians appear to be consist-
s [} Z_o=Z80ey| =2 . .
b Z S°E355Z|E ent with observed values. The forecast quantile ranges
= < . . .
3 ~ = £ increase with the forecast median and also appear to be
- . .
A ~ & consistent with the observed values. There does not
= 0 . . .
g = appear to be any trend with the forecast median in the
g 8 E relationship between the forecasts and the observed val-
3 £s S ues. For example, the forecasts are not obviously biased
s 5 2 g = in any particular direction over the forecast median. Fig-
A £ _‘::; = c S ures 5 and 6 also provide a contrast of the BJP forecasts
: E= . . . .
a 28 Sy o £ 35 ) with climatology reference forecasts, showing the infor-
2 |EeR§E=2E£5|5 ion gained from th deli limatol
SXESZ2ESTER|A mation gained from the BJP modeling over climatology
] S352353898E8|-F
= SORSZEZZ22 2 only.
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Figure 3. PIT uniform probability plot (1:1 solid line, theoretical uniform distribution; dashed lines,
Kolmogorov 5% significance band; open circles, PIT value of observed streamflow or rainfall; crosses,

pseudo PIT value).

7.2.5. PIT Plots

[60] Figures 7 and 8 present PIT values for individual
events. The events are displayed chronologically in Figure
7 and according to the forecast median before it was con-
verted to zero in Figure 8. Ideal forecasts should lead to
PIT values that are uniformly scattered in [0, 1], and should
not exhibit any obvious trends with time or with the fore-
cast median. This appears to be the case both with time in
Figure 7 and with the forecast median in Figure 8.
7.2.6. Verifications of Forecast Sum of Flows Over
Multiple Sites

[61] The sum of flows over the three sites is not directly
forecast, but its verifications are useful for showing whether
the relationships between the forecasts at individual sites
are sensible. Skill scores for the forecast sum of flows are
shown in Table 3. They appear to be more consistent across
the different measures than for individual sites. Because the
average June to August flow at gauge 120002C is about
twice of the average flows at the other two gauges put

together (Table 2), the skill scores for the forecast sum of
flows are generally closer to those for gauge 120002C.
Other verification results are shown in Figures 9 and 10 and
considered satisfactory. The forecasts show a slight bias to-
ward high values, but the bias is within the 5% significance
band (Figure 10a in reference to Figure 1).

7.3. Model Checking Results

[62] The modeled and observed marginal distributions of
the predictors and predictands are compared in Figure 11.
The observed data are reasonably well described by the
modeled median marginal distributions. The majority of
observed data points fall within the modeled [0.05, 0.95]
uncertainty band, and the extent of modeled zero flows are
consistent with the observed flows. A comparison of the
modeled marginal distributions of the principal components
of the predictors and predictands with those derived from
observed data is given in Figure 12. Again, there is a good
match between the modeled results and observed results,
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Figure 4. Forecast reliability diagrams of a zero flow event, of an event smaller than 25%, 50%, or
75% of at-site historical flows (1:1 dashed lines, perfectly reliable forecast; circles, observed relative
frequency; vertical lines, [0.05, 0.95] uncertainty interval of observed relative frequency; inserts, num-
ber of events in different forecast probability ranges).

considering that the marginal distributions of the principal
components were not explicitly modeled. Figure 13 shows
the modeled marginal distribution of the sum of predictand
streamflows at the three gauges. The modeled results match
closely with the observed data. Figure 14 compares the
modeled medians and [0.05, 0.95] uncertainty ranges of the
(Kendall’s tau-b rank) cross-correlation coefficients of all
the predictor and predictand variables with values directly
calculated from observed data. The modeled correlation
coefficients agree well with the observed values. All the
above results indicate that the model assumption and treat-
ment of zero flows as censored data are reasonably consist-
ent with observed data.

8. Summary and Conclusion

[63] Skillful and reliable forecasts of seasonal stream-
flows are highly valuable to water resources management.
This paper extends the applicability of the previously
developed BJP modeling approach for seasonal forecasting
of streamflows at multiple sites to streams with the occur-
rences of zero flows. Forecasts are produced in the form of
probabilities of zero seasonal flows and probability distri-
butions of above zero seasonal flows. These forecasts are
produced using a Yeo-Johnson transformed multivariate
normal distribution to model the joint distribution of future
streamflows and their predictors. In model parameter infer-
ence, the zero observed streamflows are treated as censored
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Streamflow at Gauge 120002C
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Streamflow at Gauge 120303A
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Figure 5. Forecast quantiles and observed values plotted chronologically (open squares, forecast me-
dian; dark blue vertical lines, forecast [0.25, 0.75] quantile range; light and dark blue vertical lines, fore-
cast [0.10, 0.90] quantile range; dark gray horizontal lines, climatology median; mid gray shade,
climatology [0.25, 0.75] quantile range; light and mid gray shade, climatology [0.10, 0.90] quantile

range; red dot, observed streamflow or rainfall).

data, having unknown precise values but equal to or below
zero. In forecasting, censored predictor values are aug-
mented to “known” values, and negative values of stream-
flow (and rainfall) forecasts are converted to zero.

[64] In addition, improvements are made to a number
of detailed techniques in the work of Wang et al. [2009],
including reparameterization, prior specification, and MCMC
sampling to both cater for censored data and gain computa-
tional efficiency. A new skill score based on the RMSEP is
introduced as an alternative to LEPS. It retains the concep-
tually attractive characteristics of the LEPS skill score but

is much easier to understand and consistent with the nor-
malization used in many modern skill scores.

[65s] The extended BJP modeling approach was applied
to forecasting streamflows at three river gauges in the Bur-
dekin River catchment in northern Queensland, Australia.
June to August streamflows were forecast from the NINO4
index for the previous month and total streamflows for
the previous 2 months. Catchment average rainfall from
June to August was jointly forecast with streamflows
for the same period but from the NINO4 index only. Cross-
validation results show that the BJP probabilistic forecasts
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Figure 6. Forecast quantiles and observed value plotted according to the forecast median (1:1 line,
forecast median; dark blue vertical lines, forecast [0.25, 0.75] quantile range; light and dark blue vertical
lines, forecast [0.10, 0.90] quantile range; dark gray horizontal lines, climatology median; mid gray
shade, climatology [0.25, 0.75] quantile range; light and mid gray shade, climatology [0.10, 0.90] quan-
tile range; red dot, observed streamflow or rainfall).
of streamflows are of some skills, are free from obvious (1)
bias and other errors, and have appropriate uncertainty = u2)]’ (A2)
spread. The skill of rainfall forecasts is lower than stream-
ﬂpw forecasts, demqqstrating the importance of using ini- T(1,1) X(1,2)
tial catchment condition for streamflow forecasts. Model r= $2,1) £(2,2)] (A3)

checking results show that the model assumptions and the
treatment of zero flows as censored data are consistent with
the observed data.

Appendix A: Conditional Distributions of a
Multivariate Normal Distribution

[66] Vector z follows a multivariate normal distribution
with mean p and covariance X. The vector can be parti-
tioned into two subvectors

e w

[67] The corresponding partitions of g and X are given by

[68] The conditional probability distribution of z(2) given
z(1), p(z(2)|z(1)) is also normal with mean vector and co-
variance matrix [Gelman et al., 2004, p. 579],

K (2) = n(2) + 2, DIE, 1] 2(1) = p(1)], (A4)
¥'(2,2) = £(2,2) — £(2, )[E(1, 1] 'E(1,2). (AS)

Appendix B: Sampling of a Multivariate Normal
Distribution Below Thresholds Using the Gibbs
Sampler

[69] The aim here is to produce a random sample from a
known multivariate normal distribution p(z) (corresponding
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Figure 7. PIT values plotted chronologically (open circles, PIT values of observed streamflow or rain-

fall; crosses, pseudo PIT values).

to p(z(1b)|z(1a)) in section 4) in the variable space equal
to or below specified thresholds z. (corresponding to z(1b)
< z,(1b) in section 4). The Gibbs sampler, which is a par-
ticular MCMC sampling algorithm, is highly suitable for
this purpose. Assume that the vector z is d dimensional and
its distribution has defined parameters. The Gibbs sampler
takes the following steps:

[70] 1. Choose a starting point 7" in the variable space of
interest.

[71] 2. Randomly assign the order of the variables in z to
Z=1[21,20, -+ s Ziy -+, Z4].

[72] 3. Randomly sample from the conditional probability
distribution p(zl|z,1 =12",) in the space z; < z, where
z_ represents all the variables in z except z;.

[73] 4. Update ¥ to the newly sampled value from step 3.

[74] 5. Repeat steps 3 and 4 for the rest of the variables
i=2, ...,d,one variable at a time, to complete a cycle.

[75] 6. Repeat steps 2—5 for as many cycles as necessary
so that the final sample is not influenced by the choice of
the starting point in step 1.

[76] The conditional probability distribution p(z;|z_; =
z°,). in step 3 can be found by applying equations (A4) and
(AS) in Appendix A. As the distribution is a univariate
normal distribution, the cumulative distribution F =
p(zi < zei|z_; = 2°;) can be easily found [Gelman et al.,
2004]. A uniformly random number in the range of [0, F;]
can be generated to give a sampled value for z; using the
inverse of the normal distribution. For our application in
this study, we used the threshold values as the starting
point. We allowed 1000 cycles of sampling.

Appendix C: Skill Score Based on RMSEP

[77] In this appendix, we introduce a new forecast skill
score based on RMSEP. It is built on the broad concept
behind the LEPS skill score [Ward and Folland, 1991,
Potts et al., 1996] but presented in such a form that is
easy to understand and consistent with the normalization
used in many modern skill scores. The main advantages
of the LEPS and RMSEP skill scores are that all events
of forecasts are given a similar opportunity to contribute
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Figure 8. PIT values plotted according to the forecast median (open circles, PIT value of observed
streamflow or rainfall; crosses, pseudo PIT value).
to the overall assessment of the forecast skill. In contrast, 1< , R :
a number of available skill scores, such as the Nash- RMSEP = |- > (Feu() = Feuloss)) | - (C1)
=1

Sutcliff efficiency [Nash and Sutcliffe, 1970] and the con-
tinuous ranked probability score, are highly sensitive to
just a few large errors, which tend to be associated with
large events.

[78] First we introduce the RMSEP skill score for single
value forecasts of a continuous variable y and denote the
forecasts and observations, respectively, as ) and Y5, £ =
1, 2, ..., n being the events under assessment. The most
commonly used measure of forecast error for an event is on
the original variable scale () — y{s). We use a measure of
forecast error on a probability scale, which is the observed
historical distribution (climatology) of y in the form of non-
exceedance probability Fcp(v). The forecast error in proba-
bility for an event is then (Fcpi()') — Feui(Vhgs))- Figure
Cl1 is a schematic of forecast error in probability correspond-
ing to error on the original variable scale. For a total of n
events, the root mean square error in probability is

[79] The RMSEP of the forecasts can then be normalized
to give a RMSEP skill score

RMSEPgrgr —RMSEP

SSrmsEP= RMSEPyer ; (C2)

where RMSEPRir is the RMSEP of a set of reference fore-
casts. The most commonly used single value reference
forecasts are climatology means or medians.

[80] The climatology distribution Fy1(y) can be found by
fitting a probability distribution function (such as a Yeo-
Johnson transformed normal distribution) to the historically
observed data. Alternatively, one may assign nonexcee-
dance probabilities to the ranked historically observed data
and then apply simple interpolation and extrapolation to
estimate the nonexceedance probability for a given y value.
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[81] Next we extend the RMSEP skill score to probabilis-
tic forecasts. We denote the forecast density distribution
for event ¢ as f()'). The RMSEP for a total of n events is
then the root mean expected square error in probability

RMSEP = FZ 1 DO (Feui(") = Feu(os)) ' 01 |

)

(C3)

[s2] If the density distribution f(3) has a probability mass
at a point, for example, in zero flow problems, care needs
to be taken to include the probability mass in the above
integration.

[83] In practice, probabilistic forecasts are often presented
in the form of ensemble forecasts. For example, the density
distribution £()") is numerically represented by ensemble
members 1", k=1, 2, ..., m. The integration in equation
(C3) is then easily carried out numerically as

=

m

RMSEP = %iiz (Feu(™) = Feuvhgs))| - (C4)
t=1

k=1
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Figure 10. Verifications of forecast sum of flows over the three sites. ((a) the same as in Figure 3; (b)
the same as in Figure 6; (c) the same as in Figure 7; and (d) the same as in Figure 8.)
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Figure 11. Marginal distribution of predictors and predictands (solid lines, modeled marginal distribu-
tion median; dashed lines, marginal distribution [0.05, 0.95] uncertainty band; dots, observed data).
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[84] The RMSEP skill score for probabilistic forecasts can
be similarly calculated using equation (C2). The most com-
monly used reference forecasts for assessing probabilistic
forecasts are the climatology distribution Fcp(y). When
using equation (C4) to calculate RMSEPRgp, the historically
observed data may simply be used as a set of ensemble
members of Fcri(y), or if necessary a larger ensemble set
can be generated from the fitted distribution Fcy ().

[85] It should be noted that the RMSEP skill score for
probabilistic forecasts tends to reward forecasts that are high
in resolution (narrow in probability distribution spread).
Therefore, the most meaningful interpretation of the RMSEP
skill score for probabilistic forecasts is when the forecast
probability distributions are found reliable (see section 5.1).

1.0

0.5
|

Modelled median and [0.05,0.95]
uncertainty rand and observed value
0.0
1

I I I
-0.5 0.0 0.5 1.0

Modelled median

Figure 14. Cross-correlation coefficients of all the pre-
dictors and predictand variables (1:1 lines, modeled me-
dian; wvertical lines, modeled [0.05, 0.95] uncertainty
range; dots, value directly calculated from observed data).

Non-exceedance probability

Figure C1. Schematic of forecast error in probability cor-
responding to error on the original variable scale.
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